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to trade and to provision of public good. In our setting, agents not only agree

on how they share their output, but also on how much output they produce. We

are interested in bargaining rules that do not depend on priors. We find a unique
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included.

Keywords: Bargaining, trade, uncertainty, asymmetric information, axiomatic ap-

proach, Nash program, Nash bargaining solution, alternating offers

Preliminary draft – comments welcome!

Date: 26th June 2020.

Schlag : Department of Economics, University of Vienna, Oskar-Morgenstern-Platz 1, 1090 Vienna,
Austria. E-mail: karl.schlag@univie.ac.at.
Zapechelnyuk : School of Economics and Finance, University of St Andrews, Castlecliffe, the Scores,
St Andrews KY16 9AR, UK. E-mail: az48@st-andrews.ac.uk.

The authors would like to thank Dirk Bergemann for helpful comments and suggestions.
1



2 SCHLAG AND ZAPECHELNYUK

1. Introduction

Market economies feature goods and services that are exchanged for money. Ideally,

trade between agents should occur whenever there is surplus and should occur at a

fair price. The possibility of such trade has been formally established under com-

plete information. The fair price can be identified by the solutions to axiomatic Nash

bargaining. Various dynamic protocols have been provided that implement this solu-

tion in a subgame perfect equilibrium (for an overview, see Serrano, 2005). We add

uncertainty and follow this agenda without relying on priors.

Uncertainty about values of others is omnipresent in markets. However, incorporating

nontrivial uncertainty introduces two major obstacles. First, efficient trade can no

longer be guaranteed when participation is voluntary and there are no subsidies. We

recall the market for lemons (Akerlof, 1970) and the impossibility results of Myerson

and Satterthwaite (1983) and Güth and Hellwig (1986) that prove nonexistence of

market rules that lead to trade whenever there is surplus. Second, priors can influence

how the market is designed, so a single ideal rule would no longer exist. Priors can

also complicate how to behave under these rules and force agents to first agree on the

priors in order for there to be trade as desired.

We overcome these obstacles by enriching the possible market outcomes and focussing

on rules where behavior does not depend on priors. Participants not only have to

agree on prices or shares the surplus, they also need to agree on how much should be

produced or traded.

We start with a model of bargaining over how to share an output that results from

the joint effort of a set of players. Individual effort costs are private information. The

output can be supplied up to a given maximal quantity. Players are risk neutral. A

bargaining rule determines the amount of the output that is supplied and how the

output is shared. Later we show that our results translate immediately to models

of trade with private values and to public good provision (or collective action) with

private values.

Without loss of generality we define bargaining rules using a direct mechanism. So,

participants simultaneously report their private values. A bargaining rule then de-

termines the quantity of the output and how it is shared. To generate behavior

independent of priors, we ensure that an agent’s choice to participate and to report

her private value does not depend on her prior. This leads to the first two axioms,
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Strategy Proofness and Voluntary Participation. The two other axioms are motivated

by envisaging an impartial designer who is interested in the social surplus. We require

that the output produced only depends on the total surplus (Surplus Dependence)

and that the largest possible output is produced whenever the surplus is maximal

(Weak Efficiency).

We find that there is a unique rule that satisfies our axioms of Strategy Proofness,

Voluntary Participation, Weak Efficiency, and Surplus Dependence. According to this

rule, the quantity of the output is increasing in the surplus deduced from the reported

values. The output is divided among the agents according to the Nash bargaining

solution, so each agent obtains th equal share. We thus obtain the fair allocation by

eliminating the importance of priors and only postulating conditions that relate to

efficiency.

An important condition for the implementation of our solution is that participants

can commit to it. This commitment assumption, albeit common in the literature

on mechanism design, is often hard to justify. We demonstrate that our desired

outcome can be supported by an alternating offers bargaining game, in which there

is no commitment. A proposal consists of how large the output should be together

with the shares that each player should get. Proposals are made in a given order,

where a proposal is implemented if and only if all participants agree. We show that

our solution is implemented in a perfect Bayesian equilibrium of this game. On the

equilibrium path, the proposal of each player reveals her true value. When the last

participant has revealed her value, her proposal is accepted by all. Given this outcome,

one is tempted to reject the last proposal and to propose instead the maximal quantity

with the same shares as in the last proposal. This would be a Pareto improvement

under complete information. However, if such a proposal would be accepted, then

the original incentives to tell the truth would be destroyed. We deter this deviation

as follows. The player who has deviated is punished by entering a path on which she

gets none of the surplus, the maximal surplus is equally split among the others, and

all are believed to have the lowest possible value.

This completes the so-called Nash program. We postulate axioms on the properties

of the outcome, uncover a unique outcome that satisfies these axioms and then show

how to implement this outcome with common market rules. We know of no other

paper that pursues the Nash program under incomplete information.
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Above we created incentives to tell the truth by varying the amount of the output that

is shared. Next, we show how strategic delays can be used to incentivize truthtelling

while keeping the total quantity fixed. The market rules specify the time when the

output will be shared. Participants are allowed to have different discount factors for

evaluating agreements in the future. Once again our four axioms reveal a unique

market rule. At the time of the trade, the output is now shared according to the

asymmetric Nash bargaining solution. The agents’ bargaining powers are determined

by their discount factors.

Next, we show by relabelling variables how to obtain apply our results to trade when

the participants’ values are their private information. In the bilateral trade setting,

the market rule that satisfies our axioms is particularly simple, as we now illustrate.

A divisible good is produced by a seller with marginal cost c ∈ [0, 1] and is desired

by a buyer with marginal value v ∈ [0, 1]. The buyer bids v̂ and the seller asks ĉ

simultaneously. Our solution prescribes to sell the quantity v̂− ĉ at the per-unit price
ĉ+v̂

2
if and only if v̂ > ĉ. The utility of the buyer is then given by (v̂ − ĉ)

(
v − ĉ+v̂

2

)
,

that of the seller is given by (v̂ − ĉ)
(
ĉ+v̂

2
− c
)
. It is easy to see that it is a dominant

strategy for the buyer to bid her value and the seller to ask her cost.

We also apply our solution to the trading setting with multiple buyers and sellers. In

this setting, there is a single good that can be simultaneously enjoyed by each buyer,

and the input of each seller is needed to produce this good. Our solution describes

how the total price of the purchase is divided among the buyers and among the sellers.

Our result also applies to the context of providing a public good at a given cost where

the values of this good are private. Once again, our solution not only determines how

much each agent pays for the public good, but also how much of the good will be

provided.

In a final section, we show how our results extend to allow for risk aversion and risk

seeking behavior.

Related Literature. We could not find any other paper that both postulates a desid-

eratum and then shows how to implement it without commitment. In the existing

literature we identify two papers that are closest to ours.

Cramton (1992) is the only other paper that implements trade without commitment

whenever there is surplus. Specifically, Cramton (1992) considers bilateral trade un-

der two sided incomplete information without commitment. The agents are engaged
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in a continuous-time dynamic game and have the same discount factor. The paper

constructs a sequential equilibrium of this game that features trade if and only if

there is a positive surplus. However, there is efficiency loss, because this trade oc-

curs with delay. The closed-form description of this sequential equilibrium is only

available for uniform priors. We would like to point out that, curiously, the dynamic

implementation of our bargaining rule presented in Section 3 below can be seen, with

slight adjustments, as a different sequential equilibrium of Cramton’s (1992) dynamic

game, with the property that it does not depend on priors.

Čopič and Ponsati (2016) analyze probabilistic rules for bilateral trade and show that

a rule satisfies Strategy Proofness, Voluntary Participation, and is ex-post Pareto

undominated if and only if it can be implemented using randomized posted pricing.

Our bargaining rule for n = 2 satisfies these axioms and, thus, can be represented

using a randomized posted pricing mechanism. In fact, all of our results would go

through if our axiom of Weak Efficiency is replaced by Čopič and Ponsati’s (2016)

axiom of ex-post Pareto undominance. Adding our axiom of Surplus Dependence

selects the unique randomized posted pricing mechanism, namely the one with the

uniform distribution of prices.

There are several alternative axiomatic approaches to bargaining under incomplete

information when players have common priors. Unlike our approach, each of these

solutions applies to a specific prior and deals with two players only. Harsanyi and

Selten (1972) use axioms to select among the strict equilibrium points of a sequential

two person Nash demand game. Their solution is to maximize a generalized Nash

product whose exponential weights depend on the prior. Weidner (1992) extends

this approach to select among incentive compatible individually rational mechanisms.

Myerson (1984) selects among incentive compatible individually rational mechanisms

that are consistent with the outcome of a random dictator whenever this is efficient.

Osborne and Rubinstein (1990, Ch. 5) consider mechanisms for bilateral trade when

there are two types of each player.

A typical assumption in the literature is to require allocation, provision or trade

to be in a given quantity, immediate and with certainty or not at all. In this re-

strictive environment, only randomized posted pricing mechanisms satisfy Strategy

Proofness and Voluntary Participation (Kuzmics and Steg, 2017). Among these rules,

the unique one that satisfies our axiom of Surplus Dependence is the rule that does

not produce any output at all. Richer environments have been considered in related
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papers. Hartline and Roughgarden (2008) show how goods can be partially destroyed

to create incentives. Probabilistic trade is used strategically in Čopič and Ponsati

(2016) for trade and Mailath and Postlewaite (1990) for public good provision. The

idea to use delay strategically under incomplete information appears in Mailath and

Postlewaite (1990), Kennan and Wilson (1993), and Tóbiás (2018).

We proceed as follows. In Section 2, we introduce a bargaining problem and axioms,

and we find the unique bargaining solution that satisfies these axioms. Section 3

describes an implementation of this solution via an alternating offers protocol. Section

4 extends our model to a setting of bargaining with delays, where participants have

heterogeneous discount factors. We apply our results to trade in Section 5 and to

provision of public good in Section 6. Preferences with heterogeneity in the attitude

towards risk are introduced in Section 7. Section 8 concludes. The proofs are in the

Appendix.

2. Bargaining Problem

2.1. Model. Consider a bargaining problem with n ≥ 2 players in two equivalent

interpretations.

In the main interpretation, n players jointly produce some output. The players bar-

gain about how much output to produce and how to share it. Each player i is privately

informed about her marginal cost wi of production. The marginal value of the output

is 1, which is common knowledge. There is a given maximum quantity of the output,

which is normalized to 1. An outcome of the bargaining is described by a quantity

q ∈ [0, 1] of the output and a profile s = (s1, ..., sn) of shares of the output. The

payoff of each player i is given by

q(si − wi). (1)

In the alternative interpretation, the players bargain about how to divide a pie of size

1. Each player i = 1, ..., n has a reservation value wi that she obtains if the players

fail to reach an agreement. The size of the pie is known to all, but each reservation

value wi is known only to player i. An outcome of the bargaining is described by a

probability q ∈ [0, 1] of the agreement and a profile s = (s1, ..., sn) of shares of the

pie. The payoff of each player i is given by

qsi + (1− q)wi. (2)
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This alternative setting corresponds to a bargaining problem under transferable utility

where the feasible set of agreements is common knowledge, while the disagreement

point of each player is her private information.

We assume that wi ∈ [a, b], where

0 ≤ a <
1

n
< b. (3)

Thus, it is possible that
∑n

i=1wi < 1, so there is a surplus from an agreement. It is

also possible that
∑n

i=1wi > 1, in which case it is more efficient not to agree at all.

In what follows, we focus on the main interpretation with the payoffs given by (1).

However, all results also hold for the alternative interpretation with the payoffs given

by (2), as it is mathematically equivalent.

By invoking the revelation principle, we can restrict attention to direct mechanisms,

which we will call bargaining rules. The players announce their reservation values,

and then a bargaining rule determines whether the agreement should be reached, and

if so, how much output is produced and how it is shared among the players.

Let ŵi ∈ [a, b] be an announcement of player i about her reservation value wi. A

bargaining rule is a tuple (q, s), where s = (s1, ..., sn). For each profile of announced

values ŵ, the rule specifies a quantity q(ŵ) ∈ [0, 1] of the output to be produced and

a share si(ŵ) ∈ [0, 1] of the output allocated to player i conditional on a positive

amount being produced. Sharing has to be feasible, so
∑n

i=1 si(ŵ) = 1. The sharing

rule s(ŵ) is undefined when there is no production, so q(ŵ) = 0. The payoff of each

player i is given by

ui(ŵ|wi) = q(ŵ) (si(ŵ)− wi) .

2.2. Axiomatic Solution. Consider the following desirable properties of a bargain-

ing rule (q, s). First, no player should be able to manipulate the outcome to her

benefit by announcing any reservation value other than the truth, when the others

announce their values truthfully.

Axiom 1 (Strategy Proofness). For each i = 1, ..., n and each w ∈ [a, b]n,

ui(wi, w−i|wi) ≥ ui(ŵi, w−i|wi) for all ŵi ∈ [a, b].

Second, each player should be at least as well off by participating than by staying

out.
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Axiom 2 (Voluntary Participation). For each i = 1, ..., n and each w ∈ [a, b]n,

ui(wi, w−i|wi) ≥ 0.

Notice that Axiom 2 immediately implies that whenever a positive quantity is pro-

duced, so q(w) > 0, each player i’s share of the output must at least cover her value,

so si(w) ≥ wi.

The next desirable property is efficiency. It requires that the agreement is reached if

and only if there is a positive net gain. Specifically, for each w ∈ [a, b]n,

if
∑n

i=1
wi > 1, then q(w) = 0, and

if
∑n

i=1
wi < 1, then q(w) = 1.

(4)

As it is well known, there is no efficient mechanism that satisfies Axioms 1 and 2

(Myerson and Satterthwaite, 1983; Güth and Hellwig, 1986). We therefore replace

(4) by a weaker requirement presented as Axiom 3 below. It requires that the maximal

quantity of output is produced when the surplus is maximal, that is, when the values

of all players are the smallest.

Axiom 3 (Weak Efficiency). q(a, a, ..., a) = 1.

Our last requirement says that the quantity of output should depend only on the

surplus 1−
∑n

i=1wi.

Axiom 4 (Surplus Dependence). For all w = (w1, ..., wn) and w′ = (w′1, ..., w
′
n) in

[a, b]n,

if
∑n

i=1
wi =

∑n

i=1
w′i, then q(w) = q(w′).

We say that a sharing rule s(w) is the Nash bargaining solution (Nash, 1950) if s(w)

is the unique profile of shares that maximizes the Nash product:

max
(s′1,...,s

′
n)∈∆n

∏n

i=1
(s′i − wi).

This sharing rule allocates each player i her value wi plus the equal portion of the

surplus 1−
∑n

j=1wj, so

s∗i (w) = wi +
1

n

(
1−

∑n

j=1
wj

)
for each i = 1, ..., n. (5)

We find a unique solution that satisfies the above axioms.
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Theorem 1. There is a unique bargaining rule (q∗, s∗) that satisfies Axioms 1–4. For

each w ∈ [a, b]n, if the surplus is positive, i.e., 1−
∑n

j=1wj > 0, then

q∗(w) =

(
1−

∑n
j=1wj

1− na

)n−1

, (6)

and s∗(w) is the Nash bargaining solution (5). If the surplus is nonpositive, i.e.,

1−
∑n

j=1 wj ≤ 0, then q∗(w) = 0.

The proof is in the Appendix.

A remarkable feature of our solution (q∗, s∗) is that it is fair. Whenever the agreement

is reached, the pie is shared according to Nash bargaining solution, which prescribes

to share the surplus equally. As a result, each player gets the same payoff, which is

given by the equal share of the total surplus:

ui(w|wi) =
1

n

(
1−

∑n

j=1
wj

)
q∗(x) for each i = 1, ..., n.

We will refer to the rule (q∗, s∗) as the fair bargaining rule.

2.3. Discussion. The fair bargaining rule (q∗, s∗) is Pareto inefficient as it has “false

negatives”. Pareto efficiency requires to produce the maximal output whenever there

is a positive per-unit surplus from production, irrespective of how small this surplus is.

However, the responsiveness of the output q∗(w) to the announcements is instrumental

to ensure players to announce their values truthfully. If instead the output was

maximal whenever there was a positive surplus, then players could announce higher

values to get higher shares. Under our rule, they do not not do this, as this would

increase their share of a smaller pie, leading to a lower payoff.

While the fair bargaining rule has “false negatives”, it does not have “false positives”.

No output is produced whenever the surplus is negative. This is a consequence of

Voluntary Participation. If the surplus is negative, then, regardless of how the pie is

divided, there is a player who strictly prefers to obtain her private value instead.

To understand how inefficient the fair bargaining rule is, consider the efficiency loss

measure L(q,s)(w) that compares the aggregate payoff under a rule (q, s) to that in

the efficient allocation, so

L(q,s)(w) =
1

1− na

(
max

{
1−

∑n

i=1
wi, 0

}
− q(w)

(
1−

∑n

i=1
wi

))
.
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The efficiency loss of (q∗, s∗) is given for each w ∈ [a, b]n by

L(q∗,s∗)(w) =
1− q∗(w)

1− na

(
1−

∑n

j=1
wj

)
≤ n− 1

n
n
n−1

.

When there are n = 2 players, the efficiency loss is L(q∗,s∗)(w) ≤ 1/4.

Let us point out that each of four axioms is indisposable. For each axiom we present

a rule, or a class of rules, that violates this axiom but satisfies the other three axioms.

First-best rule splits the pie according to the Nash bargaining solution whenever it is

efficient to do so. So, q satisfies (4) and s = s∗. This rule satisfies Axioms 2–4, but

violates Strategy Proofness.

Equal split rule splits the pie equally whenever it is efficient to do so. So, q satisfies

(4) and si(w) = 1/n for each i. This rule satisfies Axioms 1, 3, and 4, but violates

Voluntary Participation.

Relaxing Weak Efficiency while keeping Axioms 1, 2, and 4 leads to a family of

bargaining rules (qλ, s∗) parameterized by λ ∈ [0, 1]. Each of these bargaining rules

differs from (q∗, s∗) only in that the probability of the agreement is scaled by λ, so

qλ(w) = λq∗(w), whereas the sharing rule s∗ is unchanged. This follows easily from

the proof of Theorem 1. Notice that (qλ, s∗) is Pareto inferior to (q∗, s∗) for all λ < 1.

In particular, this means that (q∗, s∗) is the unique ex-post undominated bargaining

rule that satisfies Axioms 1, 2 and 4 (for the formal definition of ex-post dominance

see Čopič and Ponsati, 2016).

Relaxing Surplus Dependence while keeping Axioms 1–3 leads to a large family of

bargaining rules with no closed form characterization. A particular example is the

family of posted sharing rules (also referred to as rules in threshold form by Kuzmics

and Steg, 2017). Any such rule is described by a fixed profile of shares s̄ = (s̄1, ..., s̄n) ∈
∆n. It is as if a designer proposes to share the output according to s̄, and players

simultaneously accept or reject this proposal. A bargaining rule (q, s) satisfies Axioms

1–3 and, in addition, it is deterministic, so q(w) ∈ {0, 1}, if and only if it is a posted

sharing rule (see Kuzmics and Steg, 2017).

3. Implementation

Our fair bargaining rule can only be used if players have a way to commit to this

rule. In this section, we show how to implement the outcome of the fair bargaining
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rule without requiring commitment. For this we use the alternating offers bargaining

game of Rubinstein (1982), and adapt it to our setting.

We first outline this implementation informally. In this game, players move in a

given order. A proposal includes the output and how it is shared. This proposal is

implemented if it is accepted by all others. There is no discounting or other frictions

between the rounds. Players have beliefs about the private values of the others. These

beliefs need not be common knowledge.

We identify a perfect Bayesian equilibrium (PBE) in which the equilibrium outcome

is the fair bargaining rule irrespective of the players’ beliefs. This equilibrium is separ-

ating. On the equilibrium path, the proposals are consistent with the fair bargaining

rule for some private values. Typically the first n − 1 proposals are rejected. When

the n-th proposal is made, all players have revealed their values and this proposal

is accepted by all. The key of the equilibrium is to appropriately punish out-of-

equilibrium behavior. In particular, we have to avoid Pareto improving proposals of

players, once they believe that all have revealed their values truthfully. This is done

by punishing deviants with zero payoffs in the continuation game.

We now present an implementation of our bargaining rule (q∗, s∗) as a perfect Bayesian

equilibrium (PBE) of a dynamic bargaining game. We describe this dynamic game

in the context of our production interpretation, where players negotiate how much

output to produce and how to share it. In this game, players offer to produce less

than the maximum output to credibly reveal their reservation values. The higher

the reservation value, the smaller the quantity that a player will offer to produce. In

equilibrium, the choice of the quantity reveals the reservation value of the proposer.

The deal is struck when all n players have revealed their values. The output is

then divided efficiently, according to the Nash bargaining solution. The equilibrium

outcome coincides with the bargaining rule (q∗, s∗) presented in Theorem 1. The

players’ equilibrium strategies are independent of their priors, so the equilibrium of

this game is a PBE irrespective of the players’ beliefs about the reservation values of

the others.

We now move to the formal presentation. Consider the following alternating offers

protocol. The players make offers in a predetermined order. Without loss of general-

ity, let player i be i-th in the order. So, in round k = 1, 2, ..., it is the turn of player

i = k (mod n). When player i’s turn comes, she makes an offer about how much

output to produce and how the output will be divided. So, an offer (qk, sk) made in
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round k describes a quantity qk and a profile of shares (sk,1, ..., sk,n). After the offer

has been made, all other players simultaneously decide to accept or reject it. If the

offer is unanimously accepted, then the output is produced and shared accordingly,

and the game ends. The payoff of each player i is then qk(sk,i − wi). If at least one

player rejects the offer, then the bargaining is resumed, and the right to make an offer

moves to the next player in the order. The bargaining proceeds until some offer is

unanimously accepted. If the game continues indefinitely, so no offer is ever accepted,

then all players obtain zero payoffs.

We now formalize the players’ strategies. Let hk−1 be the history of everything that

the players have observed prior to round k: the past offers and who accepted and

who rejected them. In each round k, if player i is a proposer in that round, let

γi(wi, hk−1) ∈ [0, 1] specify how much output will be produced, and let σi(wi, hk−1) ∈
∆n specify how this output will be shared. If player i is a responder in round k and

an offer (qk, sk) is on the table, let αi(wi, hk−1, qk, sk) ∈ {0, 1} specify whether player

i accepts or rejects this offer, where 0 indicates rejection and 1 indicates acceptance.

A strategy of each player i is (γi, σi, αi).

At the start of the game, each player is equipped with a prior about the reservation

values of the others. The solution concept is perfect Bayesian equilibrium.

To describe the equilibrium, we introduce the following notation. Let ψi(hk) ∈ [a, b]

be an assessment of player i’s reservation value by all other players at the end of

round k. Let ψ(hk) ∈ [a, b]n be the profile of these assessments. We say that player

i’s offer (qk, sk) is consistent with ψ(hk) if there exists ŵi ∈ [a, b] such that

qk = q∗(ŵi, ψ−i(hk−1)), (7)

and if 1− ŵi −
∑

j 6=i ψj(hk−1) ≥ 0, then

sk = s∗(ŵi, ψ−i(hk−1)). (8)

In words, player i’s offer is consistent with ψ(hk−1) if it is equal to the outcome of

the fair bargaining rule for some ŵi when wj = ψj(hk−1) for all j 6= i.

The equilibrium strategies describe the players’ choices in two phases, a cooperative

phase and a punishment phase.

The play starts in the cooperative phase with all assessments set to the lowest possible

value, so ψ(h0) = (a, a, ..., a). In each round k of the cooperative phase, player i = k
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(mod n) makes a consistent offer that reveals her true reservation value. That is,

γ∗i (wi, hk−1) = qk and σ∗i (wi, hk−1) = sk,

where (qk, sk) is given by (7)–(8) with ŵi = wi and wj = ψj(hk−1) for all j 6= i. The

assessment of player i is then updated and becomes equal to the reservation value that

i has revealed by her offer. Specifically, ψi(hk) = ŵi, where ŵi is the value derived

from (7) for the given qk and ψ(hk−1). The assessments of all other players remain

unchanged, so ψj(hk) = ψj(hk−1) for all j 6= i.

While in the cooperation phase, each player j 6= i accepts player i’s offer (qk, sk) if

and only if this offer is at least as good as the consistent offer that player j would

have made herself if she was the proposer in that round. Specifically,

α∗j (wj, hk−1, qk, sk) = 1 if and only if

qk(sk,j − wj) ≥ q∗(wj, ψ−j(hk))(s
∗
j(wj, ψ−j(hk)− wj).

(9)

If all players accept offer (qk, sk), then the game ends in this round. Otherwise it

proceeds to round k + 1. Note that on the equilibrium path, the game ends in at

most n rounds, after all the players have truthfully revealed their reservation values.

This completes the description of behavior during the cooperative phase.

We now turn to the punishment phase. This phase is triggered by a player making

an inconsistent offer in the cooperative phase. This player will be called the deviant.

In each round, the maximal output of 1 will be produced. The deviant will be offered

the minimal share a, and all the non-deviant players will divide this output equally

among themselves. Each player accepts an offer that gives her at least as much as

this anticipated division, and otherwise rejects it.

More specifically, consider a round k when players are in the punishment phase.

Let player i be the proposer. If i is not the deviant, then she proposes quantity

γ∗(hk−1) = 1 if her value wi does not exceed a+ (1− na)/(n− 1), and γ∗(hk−1) = 0

otherwise. If i is the deviant, then she proposes quantity γ∗(hk−1) = 0. When

γ∗(hk−1) = 1, the shares offered by player i are given by

σ∗j (hk−1) =

a+ 1−na
n−1

, if j is not the deviant,

a, if j is the deviant.

When an offer (qk, sk) is on the table, each responder j 6= i accepts the offer if and

only if its payoff is as at least as much as the payoff from the equilibrium offer in the
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next round, so

α∗j (wj, hk−1, qk, sk) = 1 if and only if

qk(sk,j − wj) ≥

max
{

1−na
n−1
− wj, 0

}
, if j is not the deviant,

0, if j is the deviant.

(10)

This ends the description of the punishment phase.

We now describe the beliefs (B∗i )i=1,...,n. In the cooperative phase, for each player

i, at the start of each round before i has moved, so k ≤ i, the belief of each player

j 6= i about player i’s value wi is equal to j’s prior. After player i has moved, so for

all k > i, the belief of each player j 6= i about player i’s private value is equal to

the degenerate belief that assigns probability one on the assessment ψi(hk−1). In the

punishment phase, the belief of each player j about player i’s private value for each

i 6= j is the degenerate belief that assigns probability one on wi = a.

The next theorem shows that the strategy profile and beliefs described above imple-

ment the fair bargaining rule regardless of the players’ priors.

Theorem 2. The strategy profile (γ∗i , σ
∗
i , α

∗
i )i=1,...,n, together with the belief profile

(B∗i )i=1,...,n, is a perfect Bayesian equilibrium for all priors. Moreover, in this equi-

librium, for each w ∈ [a, b]n, the equilibrium quantity is q∗(w), and the equilibrium

profile of shares is s∗(w), where (q∗, s∗) are given by Theorem 1.

4. Delayed Agreement

In this section, we consider the same bargaining problem where the players negotiate

about producing and sharing output, but now they do not need to agree to do it

instantly. Instead, players may agree to produce and share the output later in time.

Payoffs of agreements at later points in time are discounted.

It turns out that when we add the possibility of discounting of payoffs due to delayed

production, we do not need players to produce variable output. So, in this problem,

unlike in Section 2, without loss of generality, the players always produce either the

maximum output or zero. If players reach an agreement at time t to split the output

according to shares (s1, ..., sn), then each player i’s payoff is δt(si − wi), where δ is

a common discount factor. We can thus interpret δt as the discounted value of the

maximal output due to a production delay. It is easy to see that setting q = δt makes

this model mathematically equivalent to that in Section 2.
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We now consider a more general problem, where players may have different discount

factors. Let δi ∈ (0, 1) be a discount factor of each player i. As before, w = (w1, ..., wn)

is a profile of the players’ production costs of the output values and ŵ = (ŵ1, ..., ŵn)

is a profile of their announcements. A bargaining rule is a pair (t, s), where t(ŵ) ≥ 0

is the time of the agreement, and si(ŵ) ∈ [0, 1] is the share of 1 (the maximal output)

allocated to player i at time t(ŵ). The payoff of each player i is given by

ui(ŵ|wi) = δ
t(ŵ)
i (si(ŵ)− wi).

Note that we do not need to explicitly introduce notation for zero production. If the

players agree not to produce at all, this is the same as if the players never agree, that

is, t(ŵ) =∞, because everyone’s payoff is zero in either case.

As in Section 2, we find a unique solution that satisfies the axioms of Strategy Proof-

ness, Voluntary Participation, Weak Efficiency, and Surplus Dependence. The former

two are Axioms 1 and 2. The latter two are the same as Axioms 3 and 4, but now

applied to t(w) instead of q(w). Specifically, we require that the production is im-

mediate when the surplus is maximal, that is, when the values of all players are the

smallest.

Axiom 3′ (Weak Efficiency). t(a, a, ..., a) = 0.

We also require that the time of production should depend only on the surplus 1 −∑n
i=1wi.

Axiom 4′ (Surplus Dependence). For all w = (w1, ..., wn) and w′ = (w′1, ..., w
′
n) in

[a, b]n,

if
∑n

i=1
wi =

∑n

i=1
w′i, then t(w) = t(w′).

Before presenting our result, we introduce the following notation. Given heterogen-

eous discount factors δ1, ..., δn, let µ ∈ (0, 1) be the balanced discount factor. It is

defined as the unique solution of∑n

i=1

lnµ

lnµ+ (n− 1) ln δi
= 1.

For n = 2, the balanced discount factor µ is the log-geometric average, so

lnµ =
√

(ln δ1)(ln δ2).

Let (β1, ..., βn) be nonnegative weights that add up to 1. We say that a sharing rule

s(w) is anasymmetric Nash bargaining solution (Binmore, Rubinstein, and Wolinsky,
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1986) with weights (β1, ..., βn) if s(w) is the unique profile of shares that maximizes

the asymmetric Nash product:

max
(s′1,...,s

′
n)∈∆n

∏n

i=1
(s′i − wi)βi .

This sharing rule allocates each player i her reservation value wi plus the share βi of

the surplus 1−
∑n

j=1wj, so

sβi (w) = wi + βi

(
1−

∑n

j=1
wj

)
for each i = 1, ..., n. (11)

We find the unique solution that satisfies our four axioms for the setting with hetero-

geneous discount factors.

Theorem 3. There is a unique bargaining rule (t∗, s∗) that satisfies Axioms 1, 2, 3′,

and 4′. For each w ∈ [a, b]n, if the surplus is positive, i.e., 1−
∑n

j=1 wj > 0, then

t∗(w) = (n− 1)
(

ln(1− na)− ln
(

1−
∑n

j=1
wj

))
, (12)

and s∗(w) = sβ(w) is the asymmetric Nash bargaining solution (11) where

βi =
lnµ

lnµ+ (n− 1) ln δi
for each i = 1, ..., n.

If the surplus is nonpositive, i.e., 1−
∑n

j=1 wj ≤ 0, then t∗(w) =∞.

The proof is in Appendix.

Note that when the players have the same discount factor, so δ1 = ... = δn = δ, then

(t∗, s∗) is identical to the fair bargaining rule (q∗, s∗), where q∗ and t∗ are connected

via the equation

q∗(w) = δt
∗(w) for each ŵ ∈ [a, b]n.

In this case, µ = δ and β1 = ...βn = 1/n, so s∗(w) is the symmetric Nash bargaining

solution.

Remark 1. The delay can be substantial when the surplus is very small. It makes

little sense that market participants will wait so long for trade or production. This is

easily accommodated by introducing an exogenous deterioration process of the output

value, or a limited window of opportunity for the trade surplus to be realized. Con-

sider some process under which the expected value of the output is strictly decreasing

over time and becomes zero within a finite time horizon T . This can be anticipated

when choosing q(w) = δt(w), as q determines the deterioration of the good, regardless
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of whether it is driven by impatience or exogenous decay. In this model, the delay

will never exceed T .

5. Trade

In this section, we apply the model in Section 2 to find fair market rules for bilateral

trade and joint trade.

5.1. Bilateral Trade. A seller and a buyer negotiate how much of a good to trade

and at what price. Provision of the good has the per-unit cost of c ∈ [0, 1] to the

seller. Consumption of the good has the per-unit value of v ∈ [0, 1] to the buyer. The

seller’s cost and the buyer’s value are their private information. The quantity of the

good is between zero and a given upper bound normalized to 1.

Market rules are defined as follows. Without loss of generality, we consider direct

mechanisms. The agents announce their information, after which the price and quant-

ity of sale are determined. Let ĉ and v̂ be the seller’s and buyer’s announcements of

their cost and value, respectively. A market rule is a pair (q, p), where q(ĉ, v̂) ∈ [0, 1]

is the quantity of sale and p(ĉ, v̂) ≥ 0 is the per-unit price.1 The seller and buyer’s

payoffs are given by

us(ĉ, v̂|c) = (p(ĉ, v̂)− c)q(ĉ, v̂) and ub(ĉ, v̂|v) = (v − p(ĉ, v̂))q(ĉ, v̂).

It can be easily seen that the bilateral trade problem is equivalent to the 2-player

bargaining problem, up to relabeling the variables. The reservation values of the seller

and buyer are given by ws = c and wb = 1− v. The sharing rule s = (sseller, sbuyer) is

determined by the price and satisfies

sseller(ĉ, v̂) = p(ĉ, v̂) and sbuyer(ĉ, v̂) = 1− p(ĉ, v̂).

We can now translate Axioms 1–4 for this setting. Strategy Proofness means that each

player is willing to announce her value truthfully. Voluntary Participation means that

whenever the sale may occur, so q(ĉ, v̂) > 0, the price must be between the seller’s

cost and the buyer’s value, so

ĉ ≤ p(ĉ, v̂) ≤ v̂.

1Alternatively the good is indivisible. In this case, q(ĉ, v̂) is the probability of trade and p(ĉ, v̂) is
the price paid when there is trade.
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Weak Efficiency means that the maximal quantity must be sold when the surplus is

maximal, so q(ĉ, v̂) = 1 when v̂ = 1 and ĉ = 0. Surplus Dependence means that the

quantity q(ĉ, v̂) depends only on the surplus v̂ − ĉ.

We now apply Theorem 1 to find the fair market rule.

Corollary 1. There is a unique market rule (q∗, p∗) that satisfies Axioms 1–4. For

each (c, v) ∈ [0, 1]2, if the surplus is positive, i.e., v > c, then

q∗(c, v) = v − c and p∗(c, v) =
c+ v

2
. (13)

If the surplus is nonpositive, i.e., v ≤ c, then q∗(c, v) = 0.

This market rule is fair, in the sense that it provides equal expected utility of 1
2
(v−c)2

to each player whenever v > c. Otherwise, if v ≤ c, then there is no sale. This rule

is inefficient, in the sense that the traded quantity is less than the maximum when

there is a positive surplus to share. We apply our inefficiency measure from Section

2.3 to find the upper bound on the efficiency loss:

L(q∗,p∗)(c, v) = max {v − c, 0} − q∗(c, v)(v − c) ≤ 1

4
.

Note that q∗(c, v) can also be interpreted as a discounted value due to delay in trade,

as in Section 4. Note also that this market rule can be implemented by the alternating

offers protocol defined in Section 3.

Finally, to connect our result to Čopič and Ponsati (2016), we point out that the

outcome of the market rule (q∗, p∗) can be obtained in expectation using the unique

randomized posted price mechanism that satisfies Surplus Dependence, namely, the

one where the price is uniformly distributed on [0, 1].

5.2. Joint Trade. This section extends the model of bilateral trade to the case of

multiple buyers and sellers who trade a single divisible good. In this model, there are

nb ≥ 1 buyers who can collectively enjoy the good if it is provided to them, and there

are ns ≥ 1 sellers whose joint effort is required to produce the good.

This good is available up to a given maximal amount normalized to 1. Provision of

the good has the per-unit cost of ci ∈ [0, 1] to each seller i = 1, ..., ns. Consumption

of the good has the per-unit value of vj ∈ [0, 1] to each buyer j = 1, ...nb. The sellers’

costs and the buyers’ values are their private information.
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Market rules are defined as follows. Without loss of generality, we consider direct

mechanisms. The agents announce their values, after which the quantity of sale

and monetary payments are determined. Let ĉi and v̂j be seller i’s and buyer j’s

announcements of their cost and value, respectively. Let ĉ = (ĉ1, ..., ĉns) and v̂ =

(v̂1, ..., v̂nb). A market rule is a tuple (q, ps, pb), where q(ĉ, v̂) ∈ [0, 1] is the quantity of

sale, ps,i(ĉ, v̂) ≥ 0 is the per-unit payment to seller i, and pb,j(ĉ, v̂) ≥ 0 is the per-unit

payment by buyer j.2 Seller i’s payoff is given by

us,i(ĉ, v̂|ci) = (ps,i(ĉ, v̂)− ci)q(ĉ, v̂).

Buyer j’s payoff is given by

ub,j(ĉ, v̂|vj) = (vj − pb,j(ĉ, v̂))q(ĉ, v̂).

The total amount paid by the buyers has to be equal to the total amount received by

the sellers, so the following market clearing condition must hold:∑ns

i=1
ps,i(ĉ, v̂) =

∑nb

j=1
pb,j(ĉ, v̂) for all (ĉ, v̂) ∈ [0, 1]ns × [0, 1]nb . (14)

It can be easily seen that the joint trade problem is equivalent to the bargaining

problem with n = ns + nb players, up to relabeling the variables. The reservation

value of each seller i is given by ci, and the reservation value of each buyer j is given

by 1
nb
− vj. The share of each seller i is given by the price ps,i(ĉ, v̂), and the share

of each buyer j is given by 1
nb
− pb,j(ĉ, v̂). The market clearing condition (14) is

equivalent to the assumption in Section 2 that the shares add up to one.

Similarly to Section 5.1, Strategy Proofness means that each player is willing to

announce her private information truthfully. Voluntary Participation means that

whenever the sale may occur, so q(ĉ, v̂) > 0, the net payoff of each trades is nonneg-

ative, so ps,i(ĉ, v̂) ≥ ci for each seller i, and pb,j(ĉ, v̂) ≤ vj for each buyer j. Weak

Efficiency means that the maximum quantity must be sold when the surplus is max-

imal, so ĉi = 0 for each seller i and v̂j = 1 for each buyer j. Surplus Dependence

means that the quantity of sale depends only on the surplus
∑

j v̂j −
∑

i ĉi.

We again apply Theorem 1 to find the fair market rule.

Corollary 2. There is a unique market rule (q∗, p∗s, p
∗
b) that satisfies Axioms 1–4. For

each (c, v) ∈ [0, 1]ns × [0, 1]nb, if the surplus is positive, i.e.,
∑nb

j=1 vj −
∑ns

i=1 ci > 0,

2Alternatively, the good is indivisible. In this case, q(ĉ, v̂) is the probability of trade, and ps(ĉ, v̂)
and pb(ĉ, v̂) are the transfers conditional on trade.
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then

q∗(c, v) =
(∑nb

j=1
vj −

∑ns

i=1
ci

)n−1

, (15)

p∗s,i(c, v) = ci +
1

ns + nb

(∑nb

j′=1
vj′ −

∑ns

i′=1
ci′
)

for each seller i = 1, ..., ns, (16)

p∗b,j(c, v) = vj −
1

ns + nb

(∑nb

j′=1
vj′ −

∑ns

i′=1
ci′
)

for each buyer j = 1, ..., nb. (17)

If the surplus is nonpositive, i.e.,
∑nb

j=1 vj −
∑ns

i=1 ci ≤ 0, then q∗(c, v) = 0.

This market rule is fair, in the sense that it provides equal net utility to each seller

i and each buyer j whenever there is trade. This utility is given for all i = 1, ..., ns

and all j = 1, ..., nb by

us,i(c, v|ci) = ub,j(c, v|vj) =
1

ns + nb

(∑nb

j′=1
vj′ −

∑ns

i′=1
ci′
)n−1

.

The total price paid by the buyers (and received by the sellers) is

P ∗(c, v) =
∑nb

j=1
p∗b,j(c, v) =

nsnb
ns + nb

(
1

ns

∑ns

i=1
ci +

1

nb

∑nb

j=1
vj

)
.

Once again, note that q∗(c, v) can also be interpreted as a discounted value due to

delay in trade, as in Section 4. Note also that this market rule can be implemented

by the alternating offers protocol defined in Section 3.

6. Public Good Provision

Consider a public good problem with n ≥ 2 participants. The participants decide

about buying a divisible good that benefits all of them. The good can be provided

up to a given maximum amount normalized to 1. The per-unit cost of the good is c,

which is common knowledge. The per-unit value of the good to agent i is vi, which

is her private information. We assume that vi ∈ [a, b], where

0 ≤ na < c < nb. (18)

Provision rules are defined as follows. Without loss of generality, we consider direct

mechanisms. The agents announce their values, after which the quantity of the good

and the agents’ payments are determined. Let v̂i ∈ [a, b] be an announcement of

agent i about her value vi. A provision rule is a pair (q,m), where q(v̂) ∈ [0, 1] is

the quantity of the good to be provided, and mi(v̂) ∈ R is the monetary payment by
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agent i.3 The payoff of each player i is given by

ui(v̂|vi) = q(v̂)vi −mi(v̂).

The monetary transfers must add up to the cost of the provided public good, so∑n

i=1
mi(v̂) = q(v̂)c. (19)

It can be easily seen that the public good provision problem is equivalent to the

bargaining problem, up to relabeling of the variables. The reservation value wi of

each agent i is given by

wi =
a+ b− vi
na+ nb− c

.

This change of variables equalizes the surpluses in the two problems up to multiplic-

ation by a constant, so

1−
∑n

i=1
wi =

1

na+ nb− c

(∑n

i=1
vi − c

)
.

The monetary payment mi(v̂) of each player i is transformed into player i’s share

si(v̂) as follows:

si(v̂) =
1

na+ nb− c

(
a+ b− mi(v̂)

q(v̂)

)
.

The budget balance condition (19) is equivalent to the assumption in Section 2 that

the shares add up to one.

We can now translate Axioms 1–4 for this setting. Strategy Proofness means that each

player is willing to announce her value truthfully. Voluntary Participation means that

the monetary payment of each player i cannot exceed her benefit from the good, so

mi(v̂) ≤ q(v̂)v̂i. Weak Efficiency means that the maximum quantity of the good must

be provided when the surplus is maximal, so v̂i = b for all i. Surplus Dependence

means that the quantity of the good depends only on the surplus
∑n

i=1 v̂i − c.

We again apply Theorem 1 to find the fair public good provision rule.

3Alternatively, the public good can be indivisible, in which case q(v̂) is the probability that the good
is provided.
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Corollary 3. There is a unique provision rule (q∗,m∗) that satisfies Axioms 1–4.

For each v ∈ [a, b]n, if the announced surplus is positive, i.e.,
∑n

i=1 v̂i > c, then

q∗(v) =

(∑n
i=1 v̂i − c
nb− c

)n−1

, (20)

m∗i (v) = q∗(v)

(
c

n
+ vi −

1

n

∑n

j=1
v̂j

)
, for each i = 1, ..., n. (21)

If the announced surplus is nonpositive, i.e.,
∑n

i=1 v̂i > c, then q∗(v) = 0 and mi(v) =

0 for each i = 1, ..., n.

This provision rule is fair, in the sense that it provides equal utility to each player i:

ui(v|vi) =
1

n

(∑n

j=1
vj − c

)
q∗(v).

Note that the monetary payment m∗i (v) to player i can be negative when vi is much

smaller than the average value 1
n

∑n
j=1 vj. So, players with low values can be subsid-

ized by the provision rule. Subsidizing some players is the price paid for the ability

to elicit truthful information about the participants’ values when guaranteeing that

no player prefers to block the public good provision.

Note that q∗(v) can also be interpreted as a discounted value due to delay in provi-

sion, as in Section 4. Note also that this provision rule can be implemented by the

alternating offers protocol defined in Section 3.

7. General Risk Preferences

Throughout the paper we have investigated bargaining and market rules for players

who have risk neutral preferences. Here we comment on how our analysis extends to

allow for preferences that include risk aversion and risk seeking behavior.

Consider the bargaining model in Section 2 under our main interpretation where q

represents a quantity and payoffs are given by (1). Let player i’s payoffs be given

instead by

ui(ŵ|wi) = fi
(
q(ŵ)(si(ŵ)− wi)

)
,

where fi is a strictly increasing function. In particular, players, need not have identical

preferences. This change in preferences does not influence the incentives, hence all

results in Section 2 and 3 continue to hold.
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Similarly all results in Sections 5 and 6 extend immediately if we take such a monotone

transformation of the payoffs used in those sections.

Now consider the bargaining model in Section 2 under the alternative interpretation

where q represents a probability or discounting due to delay, as in Section 4. In this

case, the payoffs are given by

ui(ŵ|wi) = q(ŵ)fi(si(ŵ)− wi)).

Theorem 3 applies to this setting when the preferences satisfy constant relative risk

aversion (CARA). Here, the asymmetry in the players’ attitude towards risk enters

the solution in exactly the same way as the heterogeneous discount factors did in

Section 4. In particular we obtain that each player’s bargaining power βi depends on

her degree of risk aversion.

Furthermore, Theorem 3 can now be applied to the trade and public good scenarios

in Sections 5 and 6 to derive the fair rules when the individuals have heterogeneous

CARA preferences.

8. Conclusion

Bargaining is the process of determining how to share a pie. Trade-offs need to

be made as to who gets how much, as typically, if one player gets more then some

other player gets less. The Nash bargaining solution is deemed to be the fair way to

make these trade-offs under complete information. Fairness together with impartial-

ity enters the solution via the Symmetry axiom of Nash (1950). Bargaining under

incomplete information has the difficulty that it is hard to evaluate what is fair when

individual wellbeing is influenced by some parameters that are only known to the

player herself.

We set out to find a bargaining solution under incomplete information. To be able

to unambiguously evaluate the consequences for the participants means to find a

way to let players reveal their private information and to choose an approach where

the outcome does not depend on any priors. We add surplus dependence as an

impartiality condition. With these Axioms (1, 2 and 4) we obtain so much structure

on the solution that only a mild additional axiom of Weak Efficiency (Axiom 3) results

in a unique solution. The astonishing finding is that the shares are determined by

the Nash bargaining solution that treats announcements as true values. Given this
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finding, we call our rule the fair bargaining rule. In particular, note that neither

symmetry nor equitability was postulated, they both result from our axioms. Fairness

is a result, not a postulate. Note also how an asymmetric solution can arise when

players are heterogeneous, either in their discount factors or in their risk preferences.

A key to our paper is the axiom of Surplus Dependence. Without this axiom we

would obtain many different possible rules, such as the trading rules found by Čopič

and Ponsati (2016) and the pubic good provision rules in Mailath and Postlewaite

(1990).

Another key to our approach is pragmatism. Probabilistic allocation is a useful

mathematical technique to enrich the market rules and to find more ways to incentive

players to tell the truth. However it seems very unrealistic for real applications.

Similarly, to post a price that has been randomly drawn from some distribution, as

in Hagerty and Rogerson (1987) and Čopič and Ponsati (2016), does not seem to be

a very realistic procedure. Thus we emphasize models with either a variable quantity

or a strategic delay. The variable quantity model reveals new insights on the optimal

relationship between quantity and surplus. The downside of the variable quantity

model is that we assume constant marginal values and costs. An investigation of

more general cost structures is on the agenda for future research. The model with

strategic delays can be applied to any of the three settings: bargaining, trade and,

public good provision. Exogenous deterioration of the output can be incorporated to

model a finite horizon. Note that in the context of strategic delay the good need not

be divisible.

There are other closely related models that can be easily investigated with our meth-

odology. For instance, one might wish to allocate a good to the player with the

highest private value for this good. A related setting involves trade with multiple

buyers and sellers where sellers produce the good independently and buyers do not

jointly benefit from the sale. The analysis of these models is left for future research.
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Appendix A. Proofs

A.1. Proof of Theorem 1. Sufficiency. It is straightforward to verify that (q∗, s∗)

satisfies Axioms 1–4.

Necessity. Let us find (q, s) that satisfies Axioms 1–4. By Surplus Dependence, there

exists a function f : [na, nb]→ [0, 1] such that

q(w) = f
(∑

i
wi

)
. (22)

Let Ui(w) be the payoff of player i when all players announce their values truthfully,

Ui(w) = ui(w|wi) = q(w)(si(w)− wi). (23)

We now show that for all w ∈ [a, b]n

f
(∑

i
wi

)
=

0, if
∑

iwi ≥ 1,(
1−

∑
i wi

1−na

)n−1

, if
∑

iwi < 1,
(24)

and

Ui(w) =

∫ 1

∑
j wj

f (z) dz for each i = 1, ..., n. (25)

By the property that
∑

i si(x) = 1,∑
i
Ui(w) = f

(∑
j
wj

)(
1−

∑
j
wj

)
. (26)

By Strategy Proofness, a standard result (e.g., Myerson and Satterthwaite 1983) is

that

Ui(wi, w−i) = Ui(yi, w−i)−
∫ wi

yi

q(z, w−i)dz

= Ui(yi, w−i)−
∫ wi

yi

f
(
z +

∑
j 6=i

wj

)
dz, (27)

and f is weakly decreasing.

Suppose that
∑

iwi ≥ 1. Then, by (26) and the assumption that f is nonnegative,∑
i
Ui(w) = f

(∑
j
wj

)(
1−

∑
j
wj

)
≤ 0.

On the other hand, by Voluntary Participation,
∑

i Ui(w) ≥ 0. It follows that

if
∑

i
wi ≥ 1, then f

(∑
i
wi

)
= 0 and Ui(w) = 0 for all i. (28)



26 SCHLAG AND ZAPECHELNYUK

Thus, we have shown (24) and (25) for the case of
∑

iwi ≥ 1.

Next, suppose that
∑

iwi < 1. Consider a sequence (gk) given for each k = 0, 1, 2, ...

by

gk = 1− k

n
.

We proceed by induction in k. Let k ≥ 0. Suppose that

(24) and (25) hold for all w ∈ [a, b]n such that gk ≤
∑

j
wj ≤ 1. (29)

Note that the induction condition (29) holds for k = 0 by (28). We now show that

(24) and (25) hold for gk+1 ≤
∑

j wj ≤ 1.

Consider arbitrary y < y0 that satisfy

gk+1 ≤ ny < gk ≤ y0 + (n− 1)y ≤ 1. (30)

Fix a player i. Suppose that her value is wi = y0, and suppose wj = y for all j 6= i.

By (29),

Ui(y0, y, ..., y) =

∫ 1

y0+(n−1)y

f(z′)dz′. (31)

By (27) and (31),

Ui(y, ..., y) = Ui(y0, y, ..., y)−
∫ y

y0

f(z + (n− 1)y)dz.

Changing the integration variable z′ = z + (n− 1)y and using (31), we obtain

Ui(y, ..., y) =

∫ 1

y0+(n−1)y

f(z′)dz′ −
∫ ny

y0+(n−1)y

f(z′)dz′ =

∫ 1

ny

f(z′)dz′. (32)

On the other hand, by (26),∑
i
Ui(y, ..., y) = f(ny)(1− ny). (33)

Combining (32) with (33) yields the equation

n

∫ 1

ny

f(z)dz = f(ny)(1− ny). (34)

Let

F (x) =

∫ 1

x

f(z)dz and F ′(x) = −f(x).

Then (34) can be written as

nF (x) = −F ′(x)(1− x), (35)
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with F (1) = 0, and −F ′(na) = f(na) = 1 by Weak Efficiency. This is an ODE initial

value problem. Because F (x) is continuous and bounded on [na, 1], by Picard-Lindelöf

Theorem there is a unique solution. This solution is

F (x) =
(1− x)n

n(1− na)n−1
.

Because f(x) = −F ′(x), after substituting x =
∑

iwi, we obtain

f
(∑

i
wi

)
=

(
1−

∑
iwi

1− na

)n−1

. (36)

Recall that x = ny satisfies (30), so gk+1 ≤ x < gk. We thus have obtained (24) for

the values that satisfy gk+1 ≤
∑

iwi < gk. Equation (25) for this interval of values

follows from (24), (27), and (28). This completes the induction argument.

So, we have found that the unique q(w) that satisfies Axioms 1–4 is q(w) = f (
∑

iwi) =

q∗(w). Finally, for the case of
∑

j wj < 1, the shares s∗i (w) are derived from (23) and

(27) after having substituted q∗. For the case of
∑

j wj ≥ 1, we have q∗(w) = 0 by

(28), so the shares are undefined. �

A.2. Proof of Theorem 2. Suppose that the players play (γ∗, σ∗, α∗) and have

beliefs B∗ with arbitrary (possibly, degenerate) priors.

First, consider the punishment phase. In this phase, the best share that everyone

except the deviant can be offered is a + (1 − na)/n, and the deviant can only be

offered a. Any different offer would make at least one of the players strictly worse

off. So making a different offer cannot be a profitable deviation. For any player i

whose value satisfies that wi ≤ a + (1− na)/n, rejecting the equilibrium offer is not

profitable either, because no player can expect a better offer in the future. For any

player i whose value satisfies that wi > a + (1 − na)/n, accepting a + (1 − na)/n

is strictly inferior to rejecting it, and offering to split the quantity q = 1 where she

gets a + (1 − na)/n is strictly inferior to offering q = 0. Finally, the deviant cannot

get more than zero payoff, because any offer where she gets more than wi ≥ a will

be rejected by at least one other player. So, the play during the punishment phase

satisfies the conditions of a perfect Bayesian equilibrium.

We now consider the cooperative phase. Any player who makes an inconsistent offer in

this phase triggers the punishment phase, in which she gets zero payoff. But she gets

at least zero in equilibrium. So, deviations to inconsistent offers cannot be profitable.
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By making a consistent offer, the player reveals to the others a value ŵi, which then

becomes the assessment value. Notice that a player can reject offers until her turn to

move comes, through which she makes an “announcement” of her value. So, an offer is

accepted by all if no player wishes to make another consistent offer, thereby changing

her announcement. Whenever an offer is accepted by all, it is equal to the outcome

of the fair bargaining rule, where each player prefers to reveal her value truthfully,

so deviations from truthful announcements are not profitable. Finally, acceptance

of an offer that should be rejected in equilibrium leads to a strictly smaller payoff.

Rejection of an offer that should be accepted in equilibrium cannot lead to a better

payoff, because in equilibrium the other players’ assessments never decrease, and one’s

payoff is decreasing in the assessments of the others. It follows that strategy profile

(γ∗, σ∗, α∗) satisfies the conditions of a perfect Bayesian equilibrium.

It remains to verify that the beliefs B∗ are obtained by the Bayes rule whenever

possible. Observe that the equilibrium strategies are separating. When player i

moves for the first time, her consistent offer induces a degenerate belief about player

i’s value. If this value is in the support of the prior, then the posterior must be

degenerate with the unit mass on that value. Alternatively, if this value is not in

the support of the prior, then the posterior can be arbitrary, in particular, it can be

degenerate with the unit mass on that value. Players move at most one in equilibrium.

It is easy to verify that on the out-of-equilibrium paths, no inconsistencies with the

Bayes rule arise. �

A.3. Proof of Theorem 3. Sufficiency. It is straightforward to verify that (t∗, s∗)

satisfies 1, 2, 3′, and 4′.

Necessity. This proof essentially follows the steps of the proof of Theorem 1. We

change the variable

q(w) = δt(w) for each ŵ ∈ [a, b]n. (37)

Clearly, (q, s) that satisfies Axioms 1–4 if and only if (t, s) satisfies Axioms 1, 2, 3′,

and 4′. We find the unique rule (q, s) that satisfies Axioms 1–4, and the find the delay

function t(w) through equation (37).

As compared to the proof of Theorem 1, the difficulty that Theorem 3 poses is due

to the heterogeneity of the players’ discount factors. To derive q(x) that satisfies

Axioms 1–4 with this heterogeneity taken into account, we will make use of the

following lemma.
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Lemma 1. Let (r1, ..., rn) satisfy ri > 0 for each i = 1, ..., n. Let µ satisfy∑
i

1

1 + µri
= 1. (38)

Let x0 ∈ [0, 1) and let f : [x0, 1]→ R be a weakly decreasing function that satisfies

f(x0) = 1 and f(1) ≥ 0, (39)

and ∑n

i=1

(
1

f ri(x)

∫ 1

x

f ri(z)dz

)
= 1− x. (40)

Then

f(x) =
(1− x)µ

(1− x0)µ
. (41)

Proof. It is straightforward to verify that f(x) given by (41) satisfies (39)–(40). We

now show that if f(x) satisfies (39)–(40), then it satisfies (41). Observe that (40) is

equivalent to ∑n

i=1

∫ 1

x

(
f ri(z)

f ri(x)
− βi

)
dz = 0. (42)

for any profile (β1, ..., βn) that satisfies∑n

i=1
βi = 1.

Fix some player i, for example, i = 1. Notice that 0 ≤ fr1 (z)
fr1 (x)

≤ 1 for each z ≥ x,

because f(1) ≥ 0, f is nonincreasing, and r1 is positive. Therefore, there exists

β1 ∈ [0, 1] such that ∫ 1

x

(
f r1(z)

f r1(x)
− β1

)
dz = 0. (43)

Let

F (x) =

∫ 1

x

f r1(z)dz and F ′(x) = −f r1(x).

Then (43), together with (39), can be written as

F (x) = −β1(1− x)F ′(x), (44)

with the initial conditions F (1) = 0 and F ′(x0) = −f r1(x0) = −1. This is an ODE

initial value problem. Because F (x) is continuous and bounded on [x0, 1], by Picard-

Lindelöf Theorem there is a unique solution. This solution is

F (x) =
β1(1− x)

1
β1

(1− x0)
1
β1
−1
.
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So,

f r1(x) = −F ′(x) =

(
1− x
1− x0

) 1
β1
−1

.

Therefore,

f(x) =

(
1− x
1− x0

) 1−β1
β1r1

. (45)

Thus have obtained that if f(x) satisfies (39)–(40), then we can find a weight β1 (and

choose βi for each i 6= 1 such that β1 +
∑n

i=2 βi = 1) such that f(x) satisfies (45).

Substituting (45) back into (40), we obtain

∑n

i=1

∫ 1

x

(
1− z
1− x

) (1−β1)ri
β1r1

dz = 1− x.

Because∫ 1

x

(
1− z
1− x

) (1−β1)ri
β1r1

dz =
−β1r1(1− z)

1− β1ri + β1r1

(
1− z
1− x

) (1−β1)ri
β1r1

∣∣∣∣1
x

=
β1r1(1− x)

1− β1ri + β1r1

,

we obtain ∑n

i=1

β1r1(1− x)

1− β1ri + β1r1

= 1− x,

for all x ∈ [x0, 1]. Solving it for β1 yields β1 = 1
1+µr1

, where µ is given by (38).

Substituting β1 into (45) yields (41). We thus obtain that (41) is the unique solution

that satisfies (39)–(40). �

We now proceed with the proof of Theorem 3. Let us derive q(w) = µt(w) that satisfies

Axioms 1–4. By Surplus Dependence, there exists a function f : [na, nb]→ [0, 1] such

that

t(w1, ..., wn) = − ln f
(∑

j
wj

)
. (46)

For each i = 1, ..., n, let

ri = − ln δi.

Therefore,

δ
t(w)
i = et(w) ln δi = e−rit(w) = f ri

(∑
j
wj

)
.

Let Ui(w) be the payoff of player i when all players announce their values truthfully,

Ui(w) = ui(w|wi) = δ
t(w)
i (si(w)− wi) = f ri

(∑
j
wj

)
(si(w)− wi). (47)
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We now show that for all w ∈ [a, b]n

f
(∑

i
wi

)
=

0, if
∑

iwi ≥ 1,(
1−

∑
i wi

1−na

)n−1

, if
∑

iwi < 1,
(48)

and

Ui(w) =

∫ 1

∑
j wj

f ri (z) dz for each i = 1, ..., n. (49)

By (47) and the property that
∑

i si(x) = 1,∑
i
Ui(w)f−ri

(∑
j
wj

)
= 1−

∑
j
wj. (50)

By Strategy Proofness, a standard result (e.g., Myerson and Satterthwaite 1983) is

that

Ui(wi, w−i) = Ui(yi, w−i)−
∫ wi

yi

δ
t(z,w−i)
i dz

= Ui(yi, w−i)−
∫ wi

yi

f ri
(
z +

∑
j 6=i

wj

)
dz, (51)

and f is weakly decreasing.

Suppose that
∑

iwi ≥ 1. Then, by (50) and the assumption that f is nonnegative,∑
i
Ui(w)f−ri

(∑
j
wj

)
= 1−

∑
j
wj ≤ 0.

On the other hand, by Voluntary Participation,
∑

i Ui(w)f−ri
(∑

j wj

)
≥ 0. It follows

that

if
∑

i
wi ≥ 1, then f

(∑
i
wi

)
= 0 and Ui(w) = 0 for all i. (52)

Thus, we have shown (48) and (49) for the case of
∑

iwi ≥ 1.

Next, suppose that
∑

iwi < 1. Consider a sequence (gk) given for each k = 0, 1, 2...

by

gk = 1− k

n
.

We proceed by induction in k. Let k ≥ 0. Suppose that

(48) and (49) hold for all w ∈ [a, b]n such that gk ≤
∑

j
wj ≤ 1. (53)

Note that the induction condition (53) holds for k = 0 by (52). We now show that

(48) and (49) hold for gk+1 ≤
∑

j wj ≤ 1.
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Consider arbitrary y < y0 that satisfy

gk+1 ≤ ny < gk ≤ y0 + (n− 1)y ≤ 1. (54)

Fix a player i. Suppose that her value is wi = y0, and suppose wj = y for all j 6= i.

By (53),

Ui(y0, y, ..., y) =

∫ 1

y0+(n−1)y

f ri(z′)dz′. (55)

By (51) and (55),

Ui(y, ..., y) = Ui(y0, y, ..., y)−
∫ y

y0

f ri(z + (n− 1)y)dz.

Changing the integration variable z′ = z + (n− 1)y and using (55), we obtain

Ui(y, ..., y) =

∫ 1

y0+(n−1)y

f ri(z′)dz′ −
∫ ny

y0+(n−1)y

f ri(z′)dz′ =

∫ 1

ny

f ri(z′)dz′. (56)

On the other hand, by (50),∑
i
Ui(y, ..., y)f−ri(ny) = 1− ny. (57)

Combining (56) with (57) yields the equation∑n

i=1

(
1

f ri(x)

∫ 1

x

f ri(z)dz

)
= 1− ny. (58)

By Weak Efficiency, f(na) = 1. By Lemma 1 with x0 = na, the unique solution of

(58) is

f(x) =
(1− x)µ

(1− na)µ
. (59)

Recall that x = ny satisfies (54), so gk+1 ≤ x < gk. We thus have obtained (48) for

the values that satisfy gk+1 ≤
∑

iwi < gk. Equation (49) for this interval of values

follows from (48), (51), and (52). This completes the induction argument.

So, we have found that the unique q(w) that satisfies Axioms 1–4 is q(w) = f (
∑

iwi) =

q∗(w). Finally, for the case of
∑

j wj < 1, the shares s∗i (w) are derived from (23) and

(27) after having substituted q∗. For the case of
∑

j wj ≥ 1, we have q∗(w) = 0 by

(28), so the shares are undefined. �
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